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1. INTRODUCTION
 .Suppose X, A, m is a measure space. It is the purpose of this paper to
discuss the following problem: let's give explicit bounds of the solutions of
an integral inequality of the form
f x F f x q g x f dm x g X , 1 .  .  .  .  .H
 .S x
 .where f, f , and g are real-valued functions on X and S x g A for
w xevery x g X. The prototype of the problem is due to Gronwall 5 and
w x  .Bellman 2 , therefore the functional inequality 1 is usually called the
Gronwall]Bellman type integral inequality. Special cases of the problem
often appear and play a fundamental role in the study of differential and
integral equations.
The problem has been investigated by many authors over the years for
w x .example, see 1, 8 and the references given in them . There are results
mainly in the next cases: X is an interval in R n; f, f , and g are
 .  .continuous; the sets S x x g X are bounded intervals with the same
left-hand end-points and with right-hand end-points x; and the integral in
 . n1 is interpreted in the Riemann sense. Even X is a subset of R , there
 .  .exist relatively few results when the sets S x x g X are not intervals
183
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w x  . w x10 , and the integral in 1 is not a Riemann integral 3, 4, 6, 7, 9, 11 ;
however, these cases are important in applications.
In this paper we show that the problem can be solved in measure spaces
under fairly general conditions. We obtain not only integral inequalities
but the unique solvability of special integral equations. Choosing the
measure spaces properly, discrete inequalities can also be obtained from
the results.
2. NOTATIONS AND PRELIMINARY RESULTS
 .Let X, A, m be a measure space. A always denotes a s-algebra in X.
The m-integrable functions over A g A are considered to be almost
measurable on A the function f is said to be almost measurable on A if
 .there exists a measurable subset H of A such that m A _ H s 0 and f is
.measurable on H .
 .  .Suppose we are given n measure spaces X , A , m , i s 1, . . . , n n G 2 .i i i
Let X s X = . . . = X , R s A = . . . = A , and let the set function m be1 n 1 n
 . n  .defined on R by m A = . . . = A s  m A . Then R is a semiring1 n is1 i i
in X and m is a measure on R. The outer measure on the power set of X
induced by m is denoted by m, too. Let A be the m-measurable in the
.  .Caratheodory sense subsets of X. We call the measure space X, A, m
 .the product of X , A , m , i s 1, . . . , n.i i i
 .  n n n.If X, A, m is a measure space, then X , A , m denotes the n-fold
 .  .product of X, A, m n s 2, 3, . . . .
 .Let X, A, m be a measure space. We say that the function S: X ª A
 .satisfies the condition C if the following properties hold
 .  .C1 x f S x for every x g X,
 .  .  .  .  .C2 if y g S x , then S y ; S x x g X ,
 .  . 2  .4 2C3 x , x g X N x g X, x g S x g A .1 2 1 2 1
 .We give some important types of functions satisfying the condition C .
EXAMPLE 2.1.
 .  . a Let I , . . . , I p s 1, 2, . . . be intervals in R not necessary1 p
. pbounded . Then I s I = . . . = I is an interval in R . Consider the1 p
 p . pmeasure space I, B , m where B is the s-algebra of Borel sets of I
and m is a Lebesgue]Stieltjes measure on B p.
 . p  .  .a1 Define S : I ª B by S x , . . . , x s I x = . . . =1 1 1 p 1 1
 .  .4  .  . x wI x _ x , . . . , x , where I x is not exclusively I l y `, x orp p 1 p i i i i
x x  .I l y `, x i s 1, . . . , p .i i
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 . p  .  .a2 Define S : I ª B by S x , . . . , x s I x = . . . =2 2 1 p 1 1
 .  .4  . x w w w I x _ x , . . . , x , where I x is I l x , ` or I l x , ` i sp p 1 p i i i i i i
.1, . . . , p .
 .Then S and S satisfy the condition C .1 2
 .  4  .b Let X s x , . . . , x n s 1, 2, . . . be a set and A its power set.1 n
 .Consider the measure space X, A, m where m is a measure on A.
 .  .  .  4b1 Define S : X ª A by S x s B and S x s x , . . . , x3 3 1 3 i 1 iy1
 .i s 2, . . . , n .
 .  .  .  4b2 Define S : X ª A by S x s B and S x s x , . . . , x4 4 n 4 i iq1 n
 .i s 1, . . . , n y 1 .
 .Then S and S satisfy the condition C .3 4
 .LEMMA 2.1. Let X, A, m be a measure space, let A g A, and let
 .S: X ª A satisfy the condition C . Then
H A s x , . . . , x g X n N x g A , x g S x , k s 2, . . . , n 4 .  .  .n 1 n 1 k ky1
n  .is an element of A n s 2, 3, . . . .
 .  .  .  .   .Proof. Since H A s H X l A = X and H A s H A =2 2 nq1 n
.  ny1  ..  .X l X = H X , the result follows from C3 by an obvious induc-2
tion argument.
The next inequality provides the key to the proof of the main results.
 .THEOREM 2.1. Let X, A, m be a measure space, let S: X ª A satisfy the
 .  .condition C , and let f , i s 1, . . . , n q 1 n s 1, 2, . . . be nonnegati¨ e,i
m-integrable functions on X. Then
. . . f x . . . f x f x dm x . . . .  .  .  .H H H 1 1 n n nq1 nq1 nq1 / /  .  .X S x S x1 n
=dm x dm x .  .2 1/
nq11
F f dm. H in q 1 ! . Xis1
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Proof. Let us denote the set of the permutations of the integers
1, . . . , n by P . Suppose p g P . It is obvious thatn nq1
. . . f x . . . f x dm x . . . dm x dm x .  .  .  .  .H H H 1 1 nq1 nq1 nq1 2 1 / / / .  .X S x S x1 n
s . . . f x . . . f x dm x .  .  .H H H 1 p 1. nq1 p nq1. p nq1. /  .  .X S x S xp 1. p n.
= . . . dm x dm x . 2 .  .  .p 2. p 1./ /
Lemma 2.1 allows us to use Fubini's theorem. It implies that
2 s f x . . . f x dmnq1 , 3 .  .  .  .H 1 p 1. nq1 p nq1.
Hp
where
H s x , . . . , x g X nq1 N x g X , x g S x , .  .p 1 nq1 p 1. p k . p ky1.
k s 2, . . . , n q 1 .4
If t g P and t / p , then there exists 1 F k F n such that k is thenq1
 .  .smallest natural number for which t k / p k , and there exists k - l,
 .  .  .  .m F n q 1 such that p k s t l and t l y 1 s p m . Suppose
 .  .x , . . . , x g H l H . Then x g S x and x g1 nq1 p t p k . t  ly1. t  ly1.
 .  .  .S x , and hence, by the condition C2 , x g S x . Sincep my1. p k . p my1.
 .  .  .  .S x ; S x ; . . . ; S x , it follows that x g S x ,p my1. p my2. p k . p k . p k .
 .and this contradicts the condition C1 . We have thus shown that H lp
 .  .H s B, if p and t are different elements of P . Parts 2 , 3 , and thet nq1
last statement imply that
n q 1 ! . . . f x . . . f x dm x .  .  .  .H H H 1 1 nq1 nq1 nq1 /  .  .X S x S x1 n
= . . . dm x dm x .  .2 1/ /
s f x . . . f x dmnq1 .  . H 1 p 1. nq1 p nq1.
HppgPnq1
nq1
nq1F f x . . . f x dm s f dm , .  . H H1 1 nq1 nq1 i
nq1X Xis1
which is what we wanted to show. The proof is complete.
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 .Let X, A, m be a measure space, let Y be a set, and let h be a
 y1 . 4mapping of X into Y. Then B s B ; Y N h B g A is a s-algebra and
 .  y1 ..n B s m h B defines a measure n on B. The measure space
 .  .Y, B, n is called the image of X, A, m under the mapping h, and n is
 y1 .denoted by m h .
We shall need the following result. The proof is a straightforward
computation, so we omit it.
 .  .LEMMA 2.2. Let X , A , m i s 1, 2 be measure spaces, let Y and Yi i i 1 2
 .be sets, let h be a mapping of X into Y i s 1, 2 , and let the measure spacesi i i
  y1 ..  .  .Y , B , m h be the image of X , A , m under the mapping h i s 1, 2 .i i i i i i i i
 .  .  .The product of X , A , m i s 1, 2 is denoted by X, A, m and the producti i i
  y1 ..  .  .of Y , B , m h i s 1, 2 is denoted by Y, B, n . If h and h arei i i i 1 2
 .  y1 .one-to-one mappings and h s h , h : X ª Y, then n s m h .1 2
3. MAIN RESULTS
We now state and prove a general Gronwall]Bellman type integral
inequality.
 .THEOREM 3.1. Let X, A, m be a measure space, and let S: X ª A
 .satisfy the condition C . Suppose f and g are real-¨ alued functions on X and
 .they are m-integrable o¨er S x for e¨ery x g X. Then
 .a the integral equation
y x s f x q g x y dm 4 .  .  .  .H
 .S x
has one and only one solution s on X this means that s: X ª R is m-integra-
 .  . .ble o¨er S x and y s s satisfies 4 for e¨ery x g X ,
 . `  .b s can be written in the form  s , where s s f and s x sns0 n 0 nq1
 .  .g x H s dm x g X, n g N ,S x . n
 .c for nonnegati¨ e f and g, we ha¨e
0 F s x F f x q g x f dm .  .  .H
 .S x
=
¡
1, g dm s 0H
 .S x~ 1 x g X . .
exp g dm y 1 , g dm / 0H H / / .  .S x S xg dmH¢  .S x
5 .
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 .d Suppose g is nonnegati¨ e. If f is a real-¨ alued function on X such
 .that f is m-integrable o¨er S x for e¨ery x g X, and
f x F f x q g x f dm m y a.e. on X , 6 .  .  .  .H
 .S x
 .  .  . then f x F s x whene¨er 6 holds at x g X so that f F sm y a.e.
.on X .
Proof. First let f and g be nonnegative.
Let H be the set of points x g X for which
f x F f x q g x f dm. .  .  .H
 .S x
 .Since g is nonnegative, it follows from 6 that
f x F f x q g x f dm q g x g x f dm dm x .  .  .  .  .  .H H H1 1 / .  .  .S x S x S x1
= x g H . .
By induction, this method produces the inequality
f x F f x .  .
n
q g x f dm q . . . f x g x . . . .  .  .H H H H 0 1  .  .  .  .S x S x S x S xk 1ks1
= g x dm x dm x . . . dm x .  .  .  .k 0 1 k/ / / /
q g x . . . f x g x . . . .  .  .H H H H 0 1 .  .  .  .S x S x S x S xnq1 2 1
= g x dm x dm x . . . dm x dm x .  .  .  .  .nq1 0 1 n nq1/ / / /
nq1
s s x q R x x g H , n s 1, 2, . . . . 7 .  .  .  . k nq1
ks0
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By Theorem 2.1,
nq1
s x . k
ks0
kn 1
F f x q g x f dm q f dm g dm .  . H H H / /k q 1 ! . .  .  .S x S x S xks1
kn 1
s f x q g x f dm g dm .  . H H /k q 1 ! . .  .S x S xks0
F f x q g x f dm .  .H
 .S x
=
¡
1, g dm s 0H
 .S x~ 1
exp g dm y 1 , g dm / 0H H / / .  .S x S xg dmH¢  .S x
x g X , n g N . 8 .  .
To estimate R , we apply Theorem 2.1. againnq1
nq11
R x F g x f dm gdm x g X , n g N . .  .  .H Hnq1  /n q 2 ! .  .  .S x S x
9 .
`  .Let s s  s . Relation 8 implies that s is a nonnegative real-valuedns0 n
 .function on X such that s is m-integrable over S x for every x g X, and
 .satisfies c . It can be verified by direct substitution that s is a solution of
 .  .  .  .  .  .4 . f x F s x x g H is an immediate consequence of 7 , 9 , and
 n .  .lim z rn! s 0 z g C .
nª`
< < < <Since f and g are nonnegative real-valued functions on X with the
same properties as f and g, it now follows easily that s s ` s is ans0 n
 .solution of 4 in the general case, too.
 .Suppose that t: X ª R is another solution of 4 . Then
< < < < < <s x y t x F g x s y t dm x g X . .  .  .  .H
 .S x
<  .  . <By what we have already proved, it follows from this that s x y t x F 0
 .  .  .  .x g X , so that s s t. We have thus shown a , b , and c .
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 .It remains only to prove d . Let H be the set of points x g X for which
f x F f x q g x f dm , .  .  .H
 .S x
  .  .4let B s x g H N f x ) s x , and let c : X ª R,
0, x f B
c x s .  f x y s x , x g B. .  .
Then c is a nonnegative real-valued function on X such that c is
 .  .  .m-integrable over S x for every x g X. It follows from 4 and 6 that for
each x g B
c x s f x y s x F g x f y s dm F g x c dm , .  .  .  .  .  .H H
 .  .S x S x
hence
0 F c x F g x c dm x g X . 10 .  .  .  .H
 .S x
 .  .  .We have shown that 10 implies c x s 0 x g X , and therefore B s B.
The proof of the theorem is complete.
 .Remark 3.1. Let X, A, m be a measure space, and let S: X ª A
 .satisfy the condition C . Suppose f , g, and h are real-valued functions on
 .X such that h is nonnegative, and hf , hg are m-integrable over S x for
every x g X. Then the integral equation
y x s f x q g x hy dm .  .  .H
 .S x
is equivalent to
y x s f x q g x y dm , .  .  .H h
 .S x
 .where the measure m is defined on A by m A s H h dm. This showsh h A
that we can apply Theorem 3.1 in the considered situation, too.
The following classical result is a typical example of the Gronwall]Bell-
man type integral inequalities involving Stieltjes integral.
w xTHEOREM A 7 . Let a, b g R, a - b, and let f, f , g, h be real-¨ alued
w x w xfunctions on a, b , with g, h nonnegati¨ e. Let a : a, b ª R be an increasing
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left-continuous function. Suppose that f, f , g, h are right-continuous at the
discontinuity points of a . If
w xf x F f x q g x hf da x g a, b , .  .  .  .H
w wa , x
then
f x F f x q g x f s h s exp gh da da s .  .  .  .  .  .H H /w w w wa , x s , x
= w xx g a, b . 11 . .
w x  . w w  .   ..If X s a, b and S x s a, x x g X see Example 2.1 a1 , then the
conditions of Theorem 3.1 are closely similar to those of Theorem A, but
 .  .the estimates 5 and 11 are rather different. This follows from the
essential difference between the proofs. In the proof of Theorem A and
.most of the similar theorems it is substantial that the integration is
performed over intervals, and differentiation is employed. We illustrate by
 .  .examples that the character of the estimates 5 and 11 is not the same.
w wLet X s 0, ` , let A be the s-algebra of Borel sets in X, let m be the
 . w wLebesgue measure of A, and let S x s 0, x for every x g X. Let u and
 .  .¨ denote that functions on the right hand side of 11 and 5 .
 . w w  .  .a If f , g : X ª 0, ` are continuous, f s g and h x s 1 x g X ,
then u s ¨ .
 .  . x  .  .  .  . xb If f x s e and g x s h x s 1 x g X , then u x s e 1 q
.  .  . x  . x .2  x w.  .x x g X and ¨ x s e q 1rx e y 1 x g 0, ` , so that u x -
 . x w¨ x for every x g 0, ` .
 .  . yx  .  .  .  .  .c If f x s e and g x s h x s 1 x g X , then u x s ch x
 .  . yx  .  . .  x w.  .x g X and ¨ x s e q 2rx ch x y 1 x g 0, ` , so that ¨ x -
 . x wu x for every x g 0, ` .
The next result is an extension of Theorem 3.1.
 .THEOREM 3.2. Let X, A, m be a measure space, and let S: X ª A
 .satisfy the condition C . Suppose h: X ª X is a one-to-one mapping such
  ..  .that h S x ; S x for e¨ery x g X. Suppose f and g are real-¨ alued
 .functions on X such that f ( h, g ( h are m-integrable o¨er S x for e¨ery
x g X. Then
 .a The integral equation
y x s f x q g x y( h dm 12 .  .  .  .H
 .S x
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has one and only one solution s on X this means that s is real-¨ alued, s( h is
 .  . .m-integrable o¨er S x , and y s s satisfies 12 for e¨ery x g X .
 . `  .b s can be written in the form  s , where s s f and s x sns0 n 0 nq1
 .  .g x H s ( h dm x g X, n g N .S x . n
 .c For nonnegati¨ e f and g, we ha¨e
0 F s x .
F f x q g x f ( h dm .  .H
 .S x
=
¡
1, g ( h dm s 0H
 .S x~ 1
exp g ( h dm y 1 , g ( h dm / 0H H / / .  .S x S xg ( h dmH¢  .S x
x g X . .
 .d Suppose g is nonnegati¨ e. If f is a real-¨ alued function on X such
 .that f ( h is m-integrable o¨er S x for e¨ery x g X, and
f x F f x q g x f ( h dm m hy1 y a.e. on X , 13 .  .  .  .  .H
 .S x
 .  .  .   y1 .then f x F s x whene¨er 13 holds at x g X so that f F sm h y a.e.
.on X .
  y1 ..  .Proof. Let X, B, m h be the image of X, A, m under the map-
  ..ping h. Since h is one-to-one, h S x g B for every x g X. It follows
 .  .   ..   ..from C1 , C2 , and the injectivity of f that x f h S x and if y g h S x ,
  ..   ..  .  .  .then h S y ; h S x x g X . By C3 and Lemma 2.2, x , x g1 2
  ..4 2X = X N x g X , x g h S x g B . We have thus shown that the func-1 1 2
  ..  .tion x ª h S x from X into B satisfies the condition C . Since the
 .integral equation 12 to equivalent to
y x s f x q g x y dm hy1 .  .  .  .H
  ..h S x
 .and the inequality 13 is equivalent to
f x F f x q g x y dm hy1 m hy1 y a.e. on X , .  .  .  .  .H
  ..h S x
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then the theorem is an immediate consequence of Theorem 3.1. The proof
is complete.
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